Abstract. In joint work with Chen and Weber, the author has elsewhere shown that CP 2 K2CP 2 admits an Einstein metric. The present paper gives a new and rather di¤erent proof of this fact. Our results include new existence theorems for extremal Kähler metrics, and these allow one to prove the above existence statement by deforming the Kähler-Einstein metric on CP 2 K3CP 2 until bubbling-o¤ occurs.
Introduction
Recall that a Riemannian metric is said to be Einstein i¤ it has constant Ricci curvature [3] . When this happens, the constant value assumed by the Ricci curvature is called the Einstein constant. A fundamental problem of global Riemannian geometry is to determine precisely which smooth compact manifolds admit Einstein metrics.
While we still remain quite far from being able to determine precisely which smooth compact 4-manifolds admit Einstein metrics, notable progress has recently been achieved regarding narrower versions of the problem. For example, it was shown in [7] that if M 4 is the underlying smooth oriented manifold of a compact complex surface, then M admits an Einstein metric with positive Einstein constant i¤ it is di¤eomorphic to a Del Pezzo surface. In other words, the only allowed di¤eotypes are S 2 Â S 2 and CP 2 KkCP 2 , with 0 e k e 8; and, conversely, each of these candidates does actually admit an Einstein metric with positive Einstein constant.
The existence direction of the above assertion is proved by means of Kähler geometry. For example, the theory of the complex Monge-Ampère equation can be used to show that all but two of the above candidates admit Kähler-Einstein metrics ( [24] , [25] , [26] ). However, CP 2 KCP 2 and CP 2 K2CP 2 cannot admit Kähler-Einstein metrics, owing to the non-reductive nature of their automorphism groups [20] . Nonetheless, Page [21] was able to construct an explicit cohomogeneity-one Einstein metric on CP 2 KCP 2 , and Derdziń ski [10] subsequently discovered that this metric is actually conformally Kähler. Following this lead, Chen, Weber, and the present author later proved [7] that CP 2 K2CP 2 Supported in part by NSF grant DMS-0905159. also admits a conformally Kähler, Einstein metric, although, in contrast to the Page metric, we do not know its explicit form.
The present article will provide a new proof for the existence of an Einstein metric on CP 2 K2CP 2 . In the process, we will actually give a direct proof of the following, ostensibly stronger statement: Theorem A. There is an Einstein metric h on M ¼ CP 2 K2CP 2 which is conformally Kähler, and for which the conformally related Kähler metric g minimizes the L 2 -norm of the scalar curvature among all Kähler metrics on M. As a consequence, h is therefore an absolute minimizer of the Weyl functional among all conformally Kähler metrics on M.
For a definition of the Weyl functional, see §3 below. Notice that Theorem A does not assert that the relevant Einstein metric actually coincides with the metric of [7] . However, this is in fact true, as a consequence of uniqueness results recently proved in [17] .
Another main purpose of the present article is to prove new existence results for extremal Kähler metrics. On any toric Del Pezzo surface, we show, in Theorems 1 and 2 below, that any Kähler class in a large, specific neighborhood of c 1 is represented by an extremal Kähler metric. This not only implies Theorem A, but also allows us to prove the following:
Theorem B. Let g be the conformally Einstein, Kähler metric on CP 2 K2CP 2 discussed in Theorem A. Then there is a 1-parameter family g t , t A ½0; 1Þ, of extremal Kähler metrics on CP 2 K3CP 2 , such that g 0 is Kähler-Einstein, and such that g t j ! g in the Gromov-Hausdor¤ sense for some t j % 1.
The approach that will be developed here hinges on a systematic study of the squared L 2 -norm
of the scalar curvature, restricted to the space of Kähler metrics. An important variational problem for this functional was first studied by Calabi ([4] , [5] ), who constrained g to only vary in a fixed Kähler class ½o A H 2 ðM; RÞ. Calabi called the critical metrics of his restricted problem extremal Kähler metrics, and showed that the relevant Euler-Lagrange equations are equivalent to requiring that ' 1; 0 s be a holomorphic vector field. In fact, every extremal Kähler metric turns out to be an absolute minimizer for the Calabi problem, and the proof of this [6] In practice, A is an explicitly computable rational function of several variables. Nonetheless, the actual expression is su‰ciently complicated that the judicious use of computer algebra is of enormous help in reliably obtaining the correct answer. For this reason, a number of the proofs presented here partially depend on calculations carried out with the assistance of Mathematica. However, these calculations are merely elaborate algebraic manipulations which could, in principle, be directly verified by a careful human with su‰cient time and patience. For clarity of presentation, we have grouped these computer-assisted calculations into two appendices. In spite of their typographical location, these appendices are logically independent on the rest of the paper, and might rightly be said to represent the beginning rather than the end of the article. For this reason, results proved in the appendices are freely cited throughout the body of the paper, without the slightest danger of circular reasoning.
Extremal Kähler metrics
In this section, we will prove two results on the existence of extremal Kähler metrics. While these appear ( [11] ) to be of genuinely independent interest, we will be principally interested in them here because of the key role they will play in the proofs of Theorems A and B. We have already assumed that 0 A E, so E 3 j, and t A ½0; 1. On the other hand, an inverse-function theorem argument (cf. [18] ) implies that E is open in ½0; 1. One connected component of E therefore either takes the form ½0; tÞ or ½0; 1. It therefore su‰ces to show that t A E, as this will then immediately imply that E ¼ ½0; 1.
To attain this goal, we will make systematic use of the Weak Compactness Theorem of Chen and Weber [9] . This result guarantees that, given a sequence of unit-volume extremal Kähler metrics on a compact complex surface, one can extract a subsequence which Gromov-Hausdor¤ converges to an extremal Kähler orbifold metric, provided there is a uniform upper bound on the Sobolev constants. Such an upper bound can in turn be guaranteed (cf. [7] ) if the metrics in question have uniformly bounded, positive scalar curvature, and if all belong to the controlled cone where e is the infimum of 1 4 À B over a small neighborhood of the limit class. Moreover, Lemmas A.2 and B.2 show that extremal Kähler metrics on these manifolds always have everywhere-positive scalar curvature which is uniformly bounded on any compact subset of the Kähler cone K. Hence, by rescaling to unit volume and then scaling back, every sequence in E has a subsequence for which the corresponding extremal Kähler manifolds fðM; g j Þg converge to an extremal Kähler orbifold ðN; g y Þ in the Gromov-Hausdor¤ topology.
We will now specialize to the case of an increasing sequence t j % t, with the goal of showing that t A E. In order to show that, modulo di¤eomorphisms, the g j actually converge smoothly to a metric on the given M, we must rule out bubbling. Recall (cf. [7] , [9] ) that smooth convergence will fail only if the sectional curvatures of our metrics g j fail to be uniformly bounded, and that when this happens, after once again passing to a subsequence, one can find a sequence of rescalings k À1 j g j , k j ! 0, and a sequence of base-points p j A M such that fðM; p j ; k À1 j g j Þg converges in the pointed Gromov-Hausdor¤ topology to a non-trivial ALE scalar-flat Kähler surface ðX ;ĝ g y Þ. Such a pointed limit is called a deepest bubble. Because all the metrics in our sequence are toric, so is the deepest bubble. This implies [7] , Lemma 17, that b 2 ðX Þ 3 0, and that H 2 ðX ; ZÞ is generated by embedded holomorphic CP 1 's. Moreover, for large j in the subsequence, the pointed Gromov-Hausdor¤ convergence guarantees that X is di¤eomorphic to an open subset U j H M, in such a manner that c 1 ðX Þ is obtained by restricting c 1 ðMÞ to U j , and such that H 2 ðU j Þ is generated by embedded 2-spheres S j which are symplectic with respect to the Kähler form o j . Finally, the homomorphism H 2 ðU j ; ZÞ ! H 2 ðM; ZÞ induced by inclusion is injective, and the restriction of the intersection form of M to U j is negative definite.
Our strategy will now combine ideas from [7] and [8] . Suppose that ðX ;ĝ g y Þ is a deepest bubble arising from some sequence g j :¼ g t j , where t j % t. Let S H X be any holomorphic embedded CP 1 , and let k > 0 be the positive integer defined by S Á S ¼ Àk. Then for each j su‰ciently far out in our subsequence, we can find an o t j -symplectic 2-sphere S j H M with S j Á S j ¼ Àk, for the fixed positive integer k. By the adjunction formula, we then also have c 1 Á S j ¼ 2 À k. As j varies, the homology class ½S j could in principle change. However, since c 2 1 > 0 and b þ ðMÞ ¼ 1, the subset of H 2 ðM; RÞ defined by
is compact, and the set of A A H 2 ðM; ZÞ satisfying these conditions is therefore finite. By refining our subsequence, we may therefore assume that A ¼ ½S j is independent of j. Moreover, since S has finite area in ðX ;ĝ g y Þ, which is a rescaled limit of regions U j H M, with magnification tending to infinity, we must be able to represent ½S by symplectic 2-spheres S j of arbitrarily small area in ðM; g j Þ as j ! y. Since the area of S j is fj½o j Á ½S j j by Wirtinger's inequality, taking the limit as j ! y now yields
where W ¼ ½o t is the limit Kähler class.
On the other hand, the sphere S j is symplectic with respect to the Kähler form o j ¼ o t j of our subsequence. Now, by construction,
for a sequence of positive numbers u j ¼ 1 À ðt j =tÞ & 0. Since S j is symplectic, we therefore have ½o j Á A ¼ ½o j Á ½S j > 0, for large j. Since W Á A ¼ 0, this says that
Hence
However, c 1 Á A ¼ 2 À k by the adjunction formula. We thus conclude that k < 2. It follows that k ¼ 1, thereby reducing our bubbling problem to a single case.
To deal with the remaining k ¼ 1 case, we now classify the homology classes
For this purpose, it is best to concentrate on the case of M ¼ CP 2 K3CP 2 , since we can identify H 2 ðCP 2 K2CP 2 Þ with a hyperplane in H 2 ðCP 2 K3CP 2 Þ. If we choose a basis for H 2 ðCP 2 K3CP 2 Þ consisting of a projective line L and three exceptional divisors E 1 , E 2 , E 3 , corresponding to the three blown-up points in CP 2 , the intersection form then becomes
and c 1 is Poincaré dual to ð3; À1; À1; À1Þ. Setting A ¼ ðn; a; b; cÞ, we thus have
and the identity 9n 2 ¼ 9n 2 can therefore be rewritten as
Thus, after possibly permuting E 1 , E 2 , and E 3 , we may assume that c ¼ 0, that jaj ¼ 1, and that jbj e 1. Since a þ b þ c 1 1 mod 3, the only solutions, up to permutation of the E j , are therefore ðn; a; b; cÞ ¼ ð0; 1; 0; 0Þ and ðn; a; b; cÞ ¼ ð1; À1; À1; 0Þ; respectively corresponding to
Throwing in permutations, we conclude that there are exactly six possibilities
and exactly three possibilities
This is good news, because these classes are actually all represented by holomorphic ðÀ1Þ-curves on either choice of M. Since these holomorphic curves must have positive area for any Kähler metric, any Kähler class W on M must therefore satisfy W Á A > 0 for any such class A ¼ ½S. This rules out bubbling when k ¼ 1, and our previous argument therefore shows that bubbling has now been definitively ruled out in all cases.
As t j ! t, the sectional curvatures of the g j therefore remain uniformly bounded, and these metrics therefore converge to a smooth, toric, extremal Kähler metric on a complex surface di¤eomorphic to M. The collection of totally geodesic holomorphic curves consisting of the points of non-trivial isotopy must converge to a configuration of totally geodesic holomorphic curves with the same self-intersections as the original curves in M, and with areas obtained by taking naïve limits, allowing us to read o¤ both the limit complex structure and the limit Kähler class. This shows that the limit extremal Kähler metric is actually compatible with the original complex structure on M, with Kähler class W. Thus t A E, and hence E ¼ ½0; 1. The target Kähler class ½o therefore contains an extremal Kähler metric, and Theorems 1 and 2 have therefore been proved, modulo the assumption that c 1 contains an extremal Kähler metric. We now complete the argument by justifying this last assumption. Proof. We begin by once again recalling ( [24] , [26] ) that c 1 is represented on CP 2 K3CP 2 by a Kähler-Einstein metric; thus, the above argument provides a water-tight proof of Theorem 2 on CP 2 K3CP 2 , without assuming anything concerning Theorem 1 on CP 2 K2CP 2 . We now identify CP 2 K2CP 2 with the blow-down of CP 2 K3CP 2 along the exceptional divisor E 1 , and let 
sup K % þy by the classical Gauss-Bonnet Theorem. Thus, a nontrivial deepest bubble must arise. On the other hand, our symplectic argument to rule out bubbles containing a spherical class A with A 2 ¼ Àk still works in the present context when k f 2; the only di¤erence is that the limit class p Ã W A H 2 ðM; RÞ no longer belongs to the Kähler cone, but rather sits on its boundary. We therefore have still excluded any deepest bubble except one whose homology is carried by ðÀ1Þ-curves. Moreover, E 1 is the only homological ðÀ1Þ-curve whose symplectic area tends to zero as t ! 1. Since E 1 has nonzero self-intersection, it cannot simultaneously arise from two disjoint bubbles. Nor can it arise as from a bubble on a bubble; if it did, the limit on a coarser length scale would contain a CP 1 of negative self-intersection, and plumbing this together with our additional blow-up would then produce a symplectic 2-sphere in ðM; g t j Þ of self-intersection e À2 and area tending to zero, contradicting our previous adjunction-formula argument. Thus, the limit orbifold must be obtained from M ¼ CP 2 K3CP 2 by collapsing a single 2-sphere representing E 1 . Since the link of such a 2-sphere is simply connected, it follows that this limit orbifold N is actually a manifold; and Mayer-Vietoris immediately tells us that b 2 ðNÞ ¼ 3. Similarly, the bubble must have b 2 ¼ 1, and must be asymptotically Euclidean rather than merely being ALE. Consequently, the bubble that forms must be the Burns metric [14] on the OðÀ1Þ line bundle over CP 1 , since ( [15] , [23] ), up to homothety, this is the only asymptotically Euclidean scalar-flat Kähler surface with b 2 ¼ 1.
Since the bubble is obtained by rescaling a tubular neighborhood of some 2-sphere representing E 1 , and because the Killing fields generating its toric structure are limits of the Killing fields on CP 2 K3CP 2 , the rescaled region must in fact contain the exceptional divisor E 1 , as this curve is one connected component of the zero locus of an appropriate Killing field. Since the Riemannian diameter of the region of curvature concentration tends to zero ( [9] ), and since radial geodesics in the Burns metric are length minimizing, even at large radii, the region of curvature concentration can only contain a disk of small intrinsic diameter in the curves E 0 2 and E 0 3 ; thus, the region of curvature concentration meets the locus of exceptional isotropy only in E 1 and in small adjoining disks in E 0 2 and E 0 3 . In particular, E 2 , E 3 , and E 0 1 are contained in the region of smooth convergence as t j % 1. These totally geodesic submanifolds therefore give rise to totally geodesic submanifolds in the Gromov-Hausdor¤ limit. These limit submanifolds are moreover holomorphic curves, since the original complex structures converge smoothly to the limit complex structure J y in the region in question; and these three limit curves all have self-intersection À1, since a tubular neighborhood of each original curve survives di¤eo-morphically in the limit. Thus, ðN; J y Þ is a compact complex surface which can be blown down, at the limit E 2 and E 3 curves, to a compact complex surface with b 2 ¼ 1 containing a rational curve of self-intersection þ1. Surface classification ( [2] , Proposition 4.3) now tells us that this blow-down must be CP 2 . Hence ðN; J y Þ is actually the blow-up of CP 2 at two distinct points. Moreover, ðN; J y ; g y Þ contains a chain of three ðÀ1Þ-curves whose homology classes generate H 2 ðN; RÞ, and the areas of these curves are WðE 2 Þ, WðE Then there is an extremal Kähler metric g in W, and a one-parameter family g t , t A ½0; 1Þ of extremal Kähler metrics on CP 2 K3CP 2 , where g 0 is Kähler-Einstein, and with g t j ! g in the Gromov-Hausdor¤ sense for some t j % 1.
Einstein metrics
Let ðM; JÞ now be a Del Pezzo surface, and again let K H H 2 ðM; RÞ be its Kähler cone. The following variational principle ( [7] , [16] ) unlocks the mysteries of conformally Kähler, Einstein metrics: Because of the crucial role this result plays in our discussion, we will now briefly sketch the proof, while referring the reader to [7] for more details.
For any smooth compact oriented 4-manifold M, one may consider the conformally invariant Riemannian functional
where W is the Weyl curvature and W þ is its self-dual part. Following standard convention, we will call W the Weyl functional. The gradient of W on the space of Riemannian metrics ( [1] , [3] ) is minus the Bach tensor B, as defined by
Because Ð jW j 2 dm is invariant under di¤eomorphisms and conformal rescalings, we have We now specialize to the case of Kähler metrics. For any Kähler metric g on a complex surface ðM; JÞ, one has
with respect to the orientation induced by J. (Of course, equation (3) is not conformally invariant-but neither is the Kähler condition!) In particular, any Bach-flat Kähler metric is a critical point of the Calabi functional
either as a functional on a fixed Kähler class W ¼ ½o, or on the entire space of Kähler metrics, with W allowed to vary. In particular, any Bach-flat Kähler metric g must be an extremal Kähler metric, and its Kähler class must be a critical point of A : K ! R.
Equation ( 
and plugging this into the formula for the Bach tensor yields
However, the extremal Kähler metric condition is equivalent to requiring that the Hessian ''s of the scalar curvature be J-invariant. At an extremal Kähler metric, we can therefore define an anti-self-dual 2-form c by c ¼ BðJÁ; ÁÞ ¼ 1 6
where r is the Ricci form and where the subscript ''0'' denotes projection into the primitive ð1; 1Þ-forms
Since B is symmetric and divergence-free, we thus have
so that the anti-self-dual 2-form c is co-closed, and hence harmonic. In particular, the 1-parameter family g t ¼ g þ tB then consists entirely of Kähler metrics. 
consists entirely of Kähler classes, and its quotient by R þ therefore exactly equals Y t . However, this quotient can be identified with the intersection of (6) In this section, we will use a combination of elementary symplectic geometry and computer-assisted algebra to estimate some key geometric invariants of extremal Kähler metrics on M ¼ CPK2CP 2 that are needed in the body of the paper. We begin by fixing a Kähler class, normalized by rescaling so that the proper transform of the projective line between the two blow-up points has area 1:
Take the two blow-up points to be ½1; 0; 0; ½0; 1; 0 A CP 2 , and fix the maximal torus in the automorphism group. Then, for any T 2 -invariant metric, the moment map of the torus action will take values in a pentagon, which after translation becomes the following:
Let F 1 and F 2 be Futaki invariants of this Kähler class with respect to the vector fields with Hamiltonians Àx and Ày. Then [19] for any T 2 -invariant metric,
Note that, by Archimedes' principle, the push-forward of the volume measure of M is exactly 4p 2 times the Euclidean measure on the moment polygon. Thus, for example, the average values x 0 and y 0 of the Hamiltonians x and y on M are also the x and y coordinates of the barycenter of the moment pentagon. This same observation also makes it straightforward to compute the following useful constants:
If our metric is extremal, we then have
where the constants a and b are given by
Consequently,
AB À C 2 for any extremal Kähler metric, and even without assuming the existence of an extremal Kähler metric our arguments therefore assign a prominent role to the quantity
while making the same substitution into the value at ð0; 0Þ gives us a smooth function f with f ðWÞ ¼ s max for any extremal Kähler metric, and the requirement that f be homogeneous of degree À1 then specifies an appropriate smooth extension of f to the entire Kähler cone. r
B. Computations for CPK3CP 2
We now carry out computations analogous to those in the previous appendix, but this time for M ¼ CPK3CP 2 . First recall that the general Kähler class on this manifold is determined by four real numbers:
By applying a Cremona transformation, we may also assume that d f 0. After rescaling, the region d > 0 can then be completely understood in terms of those classes for which d ¼ 1; these are exactly parameterized by the three arbitrary positive real numbers a, b, and g. Of course, any invariant geometrical conclusion we reach regarding this region will automatically also apply to the ''mirror'' region reached by the Cremona transformation. This will allow us to understand the entire Kähler cone K, as long as we are careful to also account for the hyperplane d ¼ 0.
We now once again fix the 2-torus in the automorphism group corresponding to ½z 1 : z 2 : z 3 7 ! ½e iy z 1 : e if z 2 : z 3 :
The image of M under the moment map is then the hexagon and our formulas [19] for the components of the Futaki invariant become
